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Abstract. Thispape describeswo waysto transformpropositionatlaugsinto
mathematicatonstraintsandgives an overvien of mathematicabptimization
approahesto inference.The first transformationwhich translatesconstraints
into linearinequalities hasbeenappied to cog-basedabdution in the pas and
shaved good performanceThe secod one,which producesnonlinearequadi-
ties,is commortty usedin other represetations,sud as SAT. We clarify their
differencesandadwanta@s,andshav the radical performanceransitionof lin-
earinequalities We aremainly targetingat cog-basechypotheical reasming (or
abdetion), but throughpreprocesing,thediscus®n hasgenerality

1 Intr oduction

Hypothettal reasoning(or ‘abduction’) is a useful framevork for knowledge-based
systemghatallowsto find explanationgor obseratiors[1, 2]. In cost-base@bduction
[3,4], hypoheseshave associatedosts,andthe costof a proofis simply the sum of
the costsof the hypothesesrequiredto completethat proof. It hasbeenshavn in [3]
thatbelief revision in Bayesiametworls canbe accuratelymodeledby cost-base@b-
ductian. Unforturately, the computatioal compleity of computingthe minimal cost
explanationis NP-hard even for very basicforms of proposiionalabductiorn5].

Thoughit is morenaturafto describesystemsn amoreexpressie languagesuchas
first-orcerlogic, propositonallogicis still of imporiance Prendingeandishizukacom-
pile afirst-ordersystendescriptiom of cost-basedbductiorto apropositonalrepresen-
tation, mainly focusingon model-basediagnosig6]. An efficient enginefor proposi-
tional cost-basedbductiorplaysancrucialrole in suchsystems.

Recently significantprogresstowardshighly efficient inferencemechanismscan
be seenfor proposiional cost-base@bductior4, 7, 8]. Thesemethodsemployseard
mechanism$orravedfrom mathematicaprogramminga programmingparadignthat
may exploit the contiruousratherthanthe discretevaluedomain.The main ideais to
transformHorn clausesnto linear constraintsaand seekthe optimal point usinglinear
progemmingtechniquese.g.,thesimplex method.

Besidescost-basedibduction severd efficient mechanisméave alsobeendevel-
opedfor otherkinds of proposiional reasoningsuchas satisfiabilty probkems(SAT)
or constraintsatisfactionproblems(CSP).In the SAT case startingfrom GSAT [9],
a setof powerful new local seard heuristicshasbeendeveloped[10-12]. Especially



DLM-2000(discreteLagrangiarmethod)[13] cansolve someof thehardessatisfiabil-
ity probemsof DIMA CSbenchmarlkprobems.

In thispaperwewill describewo typesof transformatia from propositonalclauses
to mathematicalconstraints.The first one, called transformatn L, has beenused
widely in the context of cost-base@dbductionwhich transformsclausesnto linearin-
equalites. Thesecondone,calledtransformaibn NL , translateslausesnto noninear
equalites,which canbe consideredsunderlyirg somealgoritimsfor SAT. Thesetwo
transformatnshave differentcharacteristicstransformatn L is likely to find a low-
costsoluion, while transformatiomNL efficiently searchedor a feasiblesoluton. We
will shav anexample in whichtransformatiorl. performswell, but by addingclauses,
the performanceleterioratesWe alsoshaw thattransformatiorNL doesnt causesuch
aradicaltransiton.

Therestof thepapetis organizedasfollows. In thefollowing sectionwefirst briefly
describethe preprocessin@f a hypothetical reasoningproblemin orderto obtaina
knowledgebasewith a smallnumberof clausesThenwe explain two transformatios
of clausesnto constraintsSection3 is devotedto adetaileddiscussiorof thecharater
istics andthe difference of two transformationsincluding the performanceransiton
of transformatiorL . Finally, we discusdutureworksandconcludethis paper

2 How to Make Constraints?

A hypotheticareasoningproblem(HRP)is characterizd by a setG of goals(e.g.,ob-
senations)to beexplained,givenbackgrounknowledgeX’, e.g.,thebehaioral model
of somedevice. A solutbnto aHRPis a setof hypohesesd C H which, if assumed,
would explainthe obsenations.

Definition 1. Ahypotteticalreasoningorobem(HRP)isaquadrupe HRP = (T, I, H., G),
sud that

(i) T is a propositonal Horn theory i.e., a setof clausest of theform*“¢q <« p1 A
... App" wheegq,py,-..,p, areatomc formulas.If n > 0 thenC'is calleda rule (or
non-uwnit clause),else(n = 0) C' is calleda fact (or unit clause).Theatomg is called
theheadof theclause theconjunctonp; A ... A p, is calledthebodyof theclause
(i) I isa setofinconsiséng/ constrairs, i.e., a setof Horn clauseftheform* inc «—
hi A ...Ahy” wheeeadt h;(1 < i < n) denotesa hypothesisand the symbolinc
denoteghelogical constanfalsum

(iii) H is a setof atomsthatdenoteelementypothese§assumakg’ states).

(iv) G is a setof goal atomsdenoting e.g., observations.

Definition 2. Let HRP = (T,1,H,G) be a hypothettal reasoningproblem.A set
H C H is a soluion hypottesesset (or solufon) for HRP iff (i) for eath ¢ € G:
TUH g, (i) I UHinc.

Cost-tasal hypoteticalreasoningemploysthe minimumcostsoluton criterion. It
assumeshata numericalweight (or cost)c(h) is assignedo ead elementhypotesis
h € H (c is afunctionfrom H to the naturalnumbers).Thenthe costof a solutim,



C(H), canbedefinedas
C(H) =" c(h). 1)

heH

2.1 Preprocessing

Before applying the transformationwe first compile the HRR, including goal atoms,
to a small setof conjunctive normal form (CNF) formulas. The following stepsare
executedsequentially

Relevance reasoning Constrat the query-tee [14] in a top-dowvn (from a goal to
leaves)fashionandgetT’, I, and’H reduced.

Completion Apply completionfor eachrule ¢ € T andgetaugmented’” in orderto
make backwardinferencepossible.We change“q «— p” to “q «— p" and“p « ¢,
andrefer the original rule as a top-downrule andthe addedrule asa botom-uprule,
following [3].

Eliminating top-down rules Eliminate top-davn rules and get reduced?’. This is
possibé becauseén caseof cost-basedbductionanoptimalsolution for semi-induced
problemswhich consisof bottan-upruleswithout top-down rules,canbetransformed
into thebestexplanatiorfor theoriginal problemin thelinearorderof stepswith respect
to thenumberof rulesundera weakassumptiori4]. Thustheoriginalrulesin theoryT’
areonly utilizedin theform of bottom-uprules.

Merging goal atoms and eliminating unit clauses Assighg € G t r ue, eliminate
unitclausesandgetreducedl” and’H. If we assigngoalatomst r ue, someclausesn

T mayturnto be unit. We assigntheatomt r ue in aunitclauset € T' andeliminatet

fromT'. Thisprocesss repeatedintil nounit clausesaredetectedn 7', orinconsisteng
detectedThisis a simpleversionof eliminatirg one-lieralclausesn the Davis-Putnam
procedurg15].

We now have a new propositbnal theoryT’ anda new setof inconsisteng con-
strains I’. We createa new knowledgebaseKB' of the CNF formulas, consistingof
t € T" andic € I'. In orderto find the (minimum cost) soluton to a HRR, we should
find the (minimum cost) satisfyingassignmento KB’. The setof atomsin KB’ is de-
notedas N. Notethatthe clausesn KB’ arenotnecessaly Horn.

In [3, 4], WAODAGS (or, weightedAND/OR directedagyclic graphs)are usedto
representost-basedbduction However, we allow clausesn KB’ to be ary CNF for-
mulas,thusthe following discussiorcanbe appliedalsoto SAT probemsundermini-
mum costsolutioncriterion



2.2 Transformation into Linear Constraints

Firstwe associatehe variablex, with p € N. Weusex, = 1 for “pistrue,” and
xz, =0for“pisfal se”
AssumeKB' hastheclause,

p1V —p2 V pa. (2

In orderfor formula(2) to betrue,atleastoneof theliteralsp 1, —p», and—p3 hasto be
true,equivalenty, themathematicatonstraintc ,1 + (1 — zp2) + (1 — zp3) > 1 hasto
be satisfied We definetransformaton L asfollows.

Definition 3. TransformatiorL is atransformaibn froma clauseto a linear inequalty
constrint, constructedasfollows:

(i) replacetheliterals p and—p by z, and(1 — ), respetively,

(i) genentethe L H S (left-handside)of aninequalty by replacingdisjunction (V) by
thearithmeticopemtion® +;

(iii) genentetheinequaity “ LHS > 1”

Togetherwith the costfunction (1) and 0-1 relaxation,transformationL defines
problemL.

Definition 4. ProblemL is a continwuslinear programmingproblem,wheee (i) the
objectivefuncton to be minimizedis definedby (1), and (ii) subjectto the constaints
derivedfromtransformatn L for ead clausec € KB’, and(iii) relaxed 0-1 constaints
0 <z, < 1foread atomp € N.

ProblemL canbe appliedto otherrepresentationthancost-baseébductionsuch
as SAT. However, as Selmandescribeq16], in mostformulatonsthe soluton to the
linearrelaxationof any SAT problemsimply setsall the variablesto the value“1/2,"
thusyielding noguidanceatall.

But still solving problemL is usefulin the caseof cost-basedbduction.Santos,
Jr. revealedthat 97% of the randomlygeneratedVAODAGS were solved using only
linearprogrammingwithou supplementarpranch-and-bounfd]. Althoughrandomly
generateghrobkemshave somepitfalls [17], we discusdaterthatthereis aregionwhere
transformatin L doeswork well.

2.3 Transformation into Nonlinear Constraints

Consder(2) again.t islogically equivalentto —(—p 1 Ap2Aps), whichmeans-p; Apz A
p3 shouldbef al se, thusatleastoneof —p4, p2, andps shouldbef al se, sothatthe
formulais true. Equivalentlywe canwrite down a constrains (1 — 1 )zp2p3 = 0.
We definetransformaibn NL asfollows.

Definition 5. TransformationNL is a transformatn from a clauseto a nonlinear
equalty constaint, constructedasfollows:

(i) neggatetheclause,

(ii) replacetheliteralsp and—p by z, and(1 — z,,), respetively,

(iii) makethe LH .S of an equalityreplacingconjunctian (A) by the arithmeticopera-
tion* x;’

(iv) maketheequaliy “ LHS = 0”



Combiring the costfunction(1) and0-1relaxationwe obtainproblemNL.

Definition 6. ProblemNL is a continwousnonlinearprogrammingproblem,whete (i)
the objectivefunction to be minimizedis definedby (1), and (ii) subjectto the con-
straints derivedfromtransformaibn NL for eat clausec € KB’, and(iii) relaxed 0-1
constaint0 < z, < 1 for eadh atomp € N.

ProblemNL is one of the mostsimpleform of transformatiog, andit canbe con-
sideredasunderlyng somealgorithms.For example, Guhasdevelopeda SAT problem
model, called UniSAT, which transformsa SAT probleminto an unconstraineapti-
mization problemon real space[10,18]. UniSAT7 transformsa CNF (21 V —x3) A
("1‘1 Vo \/Ig) intOf = (Il 7T)p(T2 +F)p + (Il +F)p(T2 7T)p(f173 7T)p, where
T, F, andp areconstantsThis methodin thecaseof 7' = 1 and F' = 0 is nothirg but
the p-normpenaltymethod[19] to solve problemNL.

In DLM, or discreteLagrangiarmethod[20], a SAT problem(with » variablesand
m clausesjs formulatedasa discreteconstraineaptimizationproblem;
Minimize,e (0,13 2 _5oq Ui(z), subject to Uij(z) = 0 Vi € {1,2,...,m}, where
U; = 0 if clausei is satisfied,andU; = 1 if clauses is not satisfied.We can easily
seethatthe constraintconstructedy transformatiorNL satisfiesthe requirementof
U;. Thus,applyingcontinwousLagrangianmethodso problemNL, similar methodto
DLM canbe derived (though somedevicesareneedeck.g.,to forcethe updatedvalue
of z shouldbe 0 or 1 in eachiteration).The overview of suchsubgradiengalgorihms
areseenin [21].

In summary transformatiorL is efficiently usedin the context of cost-basedb-
ductian, while transformatia NL underlessomeSAT algorthmsto solve highly con-
strainedproblems.The approachhere follows the treatmentof pseudo-bo@an opti-
mizationproblemg22].

3 Discussionof Two Transformations

3.1 Differenceof Two Transformations

Onemajor differencebetweentransformatiorl. andtransformatiorNL is thattrans-
formatian L givesa necessey conditon for variablesto be a satisfyirg assignment,
whereagransformatioNL givesa necessgy andsufficient conditon.

Given a truth assignmento atoms,obviously we can satisfy constrairg of either
transformatn L or transformatiorNL by substituing 1/0 to the correspondingari-
ablesaccordingto the truth value.Corversely given valuesof variableswhich satisfy
constrains of transformatia NL, we canconstruct truth assignmenasfollows.

Theorem 1. Givena setof clauseskKB' anda setof atomsN, if thevariablesz,, (p €
N) satisf constaints derivedfromtransformaibn NL of theclauses: € KB’, we can
constructatruth assignmengatisfyingheclauses: € KB’ asfollows. For all theatoms
p e N, (i) if z, = 1, thensetp t r ue, (i) if z,, = 0, thensetp f al se, (iii) otherwise,
setp arbitrarily t r ue or f al se.



Transformation L Transformation NL
Fig. 1. Feagble regionof “(—a V b) A (ma V ¢)”

Hypotheses

Fig. 2. Setcoveringproblem.

Proof. The proofis olvious by Definition5 d.

Ontheotherhand,thisis notthe casefor transformatiorL, evenif we roundvari-
ables,e.g.,if 2, > 0.5 thensetp t r ue, otherwisesetp f al se. Despiteof this dis-
adwantage problemL hassomemerits. The mostimportantoneis thatit may produce
the optimalsoluion quiterapidly, only by simple« method.Besides(i) it may provide
theguidancefor the 0-1 optimal solution, (ii) it providesthelower boundof costof the
0-1 optimal soluton, and (iii) it shavs the unsatisfiabiliy of KB’ if problemL is in-
feasible.The feasibleregion of transformatn L is a corvex polygonasshavn in Fig.
1, thusthe searchpoint proceedsasilytoward the gradientdirectionof the objective
function. However, transformatia NL produceghetightly constrainedeasibleregion,
thusto proceedowardthedirectionto decreaséhe objective function(notLagrangian
function) is harderthantransformatiori .

3.2 Performance Transition of Transformation L

It hasbeenbelievedthatproblemL workswell on HRPs,however, the performancele-
pendsconsiderablynthe‘hardnessof theproblem.Herewe pick up avery simplebut
sufficiently suggestie exampleto shav thetransitionof performancéy transformation
L.

Fig. 2 is a set covering problemrepresentedy a HRP. A soluion for the HRP
is a setof hypothesesvhich covers all the intermediateproposiions. For example,
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Fig. 3. Ratioof solvedproblemswith 100hypdhesedy solvingproblemL.

{ha, hs, he} isasolutonto prove thegoal.Here,thecostof eachhypottesisis setto be
1, andeachintermediateproposiion hastwo OR childrenrandomlychosenlIf we add
intermediateproposiions while keepingthe numberof hypothesesconstantthenthe
numberof solutbnsdecreass,i.e., the probkem getsharder For example,if we adda
new intermediatgroposiionps, suchthatps < hyVh7 " and“g < piA.. . ApsAps,”
then{hs, hs, he} is nota solutionarymore. Yet this problemhasalwaysat leastone
soluton, tosetall hypaheseg r ue. In thismanneywe getseriesof problemsgradually
getthg moretightly constrained.

In the experiment,startingfrom 100 hypothesesnd50 intermediateproposiions,
we graduallyaddthe intermediateproposiions. Fig. 3 shavs theratio of solved prob-
lemsonly by solvingproblemL (usingsimplex method) Onedotrepresenttheaverage
of 500instancesAlmostall the problemscanbe solved only by simplex methodwhen
the numberof intermediatgropositonsm is lessthan60, however few probkemscan
be solvedwhenm exceeds140.At m = 140, 63%of the variablesare setto 1/2, and
provide no guidanceatall. In thecaseof 1000hypohesesstartirg from 500intermedi-
atepropositons,thedropis evensteepeasshavn in Fig. 4.

Not only for this setcovering problembut alsofor otherprobkeminstancessuchas
shortespathprobemandassignmenproblem,we have foundthe samephenomenon.
By addingclausesHRPsarelesslikely to be solvedonly by solvingproblemL.

Lastly, thecurvesin Fig. 3and4 remindusof thephasetransiton phenomenoi23,
24].For example,in thecaseof random3-SAT instancesvith 50variablesijf theratioof
clauses-to-ariabless lessthan3.5, theformulais almostcertainlysatisfiable while if
theratiois over 5.2,almostall formulasareunsatisfiableThis phaseransiton focuses
onthelikelihoodof satisfiabiliy, however, oursfocuseson thelikelihoodof solvability
by solving problemL. We expectour performancdransiton hassomecorrespondence
with the phasetransitbn of satisfiabiliy, but further studyis neededto derive some
conclusios.



Fig. 4. Ratioof solved problemswith 1000hypotheesby solvingproblemL.

3.3 Performance of Transformation NL

As for problemNL, to satisfytheconstraintss equivalentto find a satisfyingassignment
of the clausesfrom Theorem1. Thereforethe performancecant be evaluatedin the
sameway asin the caseof problemL. Insteadwe implementedLM to solve problem
NL andmeasuredhe computatioal time.

Fig. 5and6 shav thecomputationalime of DLM to solve thesetcoveringproblem
with differentnumber=of intermediatgropasitions.In every case,a soluton is found.
The computationatime grows gradually and no rapid changeof performances ob-
sened. Thereforewe can conjecturetransformatia NL is suitableeven for seriously
constraineghroblemsThis supportghefactthatDLM andotheralgorihmsshav good
performancen SAT probems.

4 Conclusion

Therelationbetweerlogic and0-1integer programmingpr OR (operationgesearf),
hasbeenstudiedwidely andintensvely in the recentyears.Especially the latestgood
overviews mightbe [25] and[26], bothemphasizinghe possibiities of theintegration
of Al andOR.

In this paper we have clarified two transformatias from clausesto constraints.
TransformatioNL is appropriatdor finding a feasiblesoluton. TransformatiorL. has
themeritin thatit mayproducethe optimal solution quiterapidly, however, it canbeap-
plied efficiently only to the “easy” probleminstance$ecausehe performanceapidly
deteriorategsthe probkem getshard. Futureworkswill combinethe two transforma-
tions and develop an algorithmto seekthe optimal solution, mainly targetingon an
intermediataegion betweer'easy” and“hard’
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